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MATEMATHWYHE MOJEJTIOBAHHA HEJITHIMHUX ITPOIECIB
EHEPTO-MACOINIEPEHECEHHSI METOJIOM BAJIAHCY IIBUJIKOCTEN

Y cmammi npusooumvcs ananiz memooie MamemMamuyHo20 MOOENO8AHHS HEIHIUHUX NPoYecie
nepeHecenHs IMIYIbCy eHepeii ma Macu 6 mexHoI02iyHuUx 00 ekmax ynpaeninus. Bkazyemocsa, wo
6I00Mi 3aKOHU AU NEPEeHeCceHHs ONUCYIOMb NPOoYecU 8i0 0xcepend 6e3mMedHCHOT NOMYAICHOCMI 00
cepedosuwa. Ilokazani HeOONIKU MAMEMAMUYHOZO MOOENIOBAHHS HENIHIHUX Nnpoyecié ma
CKNAOHICMb PO36'A3KY HeNHIUHUX Mamemamuunux mooeneil. [Ipononyemocs memoo Mooenioeans
MAaKux npoyecieé Ha OCHOBI Meopii peonoziunHux nepexodig ma IHMezparbHol IMRYIbCHOT Oenbma-
@yuryii Hipaka. Ilokazano, wjo mexHONo2iuni npoyecu po30ilAromvca Ha Odcepend, 30HU
Peono2iuHUX nepemeoperd I HaKONU4Yea4ia HO80CMBOPEHOI MACH, eHepaii ma KiTbKOCMI pyxy.
Kntrouosi cnosa: mooens, nepexio, maca, enepeis, ¢ynxyia [ipaxa, epadienm.

AKTyaabpHicTh JocaiakeHHs:. KOHTpoIb Ta ympaBiiHHSA TEXHOJIOTIYHUMH IIPOLIECAMH 3A1HCHIOETHCS HAa OCHOBI
Cy4acHHMX IHTEJIEKTyalbHHX CHCTEM aBTOMaTH3alil, KOTpi mepeadayaroTh LIMPOKE 3aCTOCYBAHHS MaTeMaTHYHOTO
3abe3nedeHHs. Benuky 9acTKy U IbOTO BiJIrparoTh NPUKIIAJAHI MaTeMaTH4HI MO/, KOTPi IPU3HAUCHI HE TUIBKH AJIs
PO3paxyHKy KepYyr4HX Mdii, ane ¥ I BHU3HAYCHHS HEKOHTPOJIBOBAHMX TEXHOJOTIYHHMX IapamMeTpiB, ONTHMI3allii
TEXHOJIOTIYHOTO MPOLIECY Ta YBEIACHHS IONPABOK J0 PE3yJbTaTiB KOHTPO0. Tak sIK cydacHi TEXHOJOTIUHI HpoLecH
XapaKTepU3yIOThCS BEIHMKOI IIBHIKICTIO MPOTIKaHHA, a A1 oOpoOKM BUMIiproBaibHOI iH(opMalii Ta po3paxyHKiB
YIpPaBISIOYMX Aid HOTPIOHO NESKMH dYac, TO OJHIEI0 3 OCHOBHHUX BHUMOT, SIKi BHCYBAIOTbCA 0 IPOTPaMHOTO
3a0e3nedeH s, € MPOCTOTa MaTeMaTHYHHX MOJENeH MpH iX aAeKBAaTHOCTI 3 CTATHYHMMH Ta JAWHAMIYHUMHA
XapaKTepPUCTUKAaMH TEXHOJIOTTYHOTO IIPOLECY Ta MIBUIKICTIO PO3PAaXyHKIB BIATIOBITHHUX YIPABISIOUHX JiH.

[ocTanoBka mpo6JjeMu. MatepianbHi Ta €HEPreTHYHI MOTOKH, KOTpI HANPABILIIOTHCSA IS BiAMOBIIHUX
MIEPETBOPCHD B TEXHOJIOTIUHI amapaTH (TEIUIOOOMiIHHUKH, BUIIAPHI yCTAaHOBKH, abcopOepH, peakTOpH TOIIO) UM iHIII
TEXHIYHI MPHUCTPOi 3MIHIOIOTH CBIH IOYaTKOBMH CTaH 32 PaXyHOK PEOJIOTIYHHMX MEPETBOPEHb, IO HPHUBOAUTH IO
CTBOPEHHSI MaTepialbHUX YM EHEPreTHYHHX IOTOKIB 3 HOBUMHU MapameTpaMu (KOHUECHTpALisIMH, TeMIlepaTypamy,
THCKaMH TOIIO). [lepeTBOpeHHss MOXKYTh OyTH MpOCTUMHU (OJHOCTaAIdHUMHU) abo cknagauMmu (Garatocranifinumu). o
CKJIaJIHUX TEXHOJIOTIYHHX OO'€KTIB MOXKHA BIIHECTH KOXXYXOTPYOHI TENJIOOOMIHHHMKH, PEaKTOPH 31 CTBOPEHHSIM
MPOMDKHUX MPOJIYKTIiB, BUMAPHI YCTAHOBKHU, peKTH(DIKAIIIfHI KOJIOHM Ta OUIBINICTh peakUiiiHUX MpOLECiB, HANPHUKIAL,
MEPETBOPEHHS THCKY TIapy B MEXaHIUHHH pyX napoBol TypOiHM abo eJeKTpUYHOI eHeprii B cucTeMi reHepaTop-IBUTyH
[1].

OCHOBOIO /JIsI PEOJIOTIYHUX NIEPETBOPEHD € 3aKOHH IIEPEHECEHHS IMITYJIbCy MacH (3akoHM Pika), TerIoBoi eHeprii
(3axoH Dyp'e) i KinbKOCTI pyxy (3akoH HbI0TOHA), Ha KOTPUX 0A3YETHCS TEOPish MACO-TEIIO- Ta EHEPronepeHeceH s [2,
3]. Bci Bimomi 3aKoHHM SIBHIL MEPEHECEHHS, SK MPABHJIO, OMUCYIOTh IPOIEC IIEPEHECEHHs IMITyJIbCy MacH, TeIuia Ta
KIJIBKOCTI PyXY BiJ JpKepena 6e3MeXHOT MOTYKHOCTI /10 CepeJOBHUIA, KOTPe PUHMAEThesl Oe3MeKHUM. [[iis peanbHux
TEXHOJIOTIYHUX TPOLECIB CIIOCTEPIraeThCs BIIXWICHHS BiJl BIIOMHX 3aKOHIB, TaK SIK IIBHUIKOCTI NMEPEHECEHHS TUX YU
IHIIMX MaTepiajbHUX, TEMJIOBUX UM IHIIMX EHEPreTHYHHX MOTOKIB € oOMexeHMMH. lle mpmBoauTh MO TOTO, IO
MaTeMaTU4HI MOJIelli peallbHUX MPOLIECIB EPEHECEHHs € HACTIIBKU CKIIAJIHUMH, 10 HE MalOTh aHAIITHYHOTO PO3B'SI3KY
a0o0 HempuaTHI U NPAKTHYHOTO BUKOPUCTAHHS B aBTOMaTH30BaHUX CHCTeMax ynpasiiHHs. Tomy npobiema momyky
Ta po3poOKH METO/IB BJOCKOHAJICHHSI MAaTEMAaTHYHOTO OITHUCAHHS IPOLIECIB SBUIL IEPEHECEHHS € aKTYaJIbHOIO.

Teopernunuii anamiz gociaimxenusi. Bimomo [4], w0 mpomopuiiHICT TEINIOBOTO IOTOKY IO Tpaji€HTa
TeMIIepaTyp NPUBOAUTH 0 3akoHY Dyp'e, KOTpe Mae HacTyIHY Gopmy:
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ne T - Temmeparypa; € - 4ac MEpPeHECCHHsS; a - TEMIICPATYPOIPOBIAHICT, V - JariaciaH.
PiBusaHs (1) onmcye GanaHc nmiHIMHOI IIBUIKOCTI MEPEHECEHHS TEIUIOBOI eHEpril Ha BXOJl B CEpeOBHUILE Ta
IIBUJKICTIO PO3MOAIICHHA 11 3a JHIHHUMH KOOpIMHATaMH X, Y, Z [BOTO CEpPEeloBHIIA 32 PaxyHOK

TeMIepaTyponpoBigHocTi. Tak siK TeMreparypa BU3HAYa€ThCS BIJHOIICHHSIM KiJIbKOCTI TEIUIOTH 0 €HTAJbIIT S , TO mpH
S =const pisasHHA (1) MOXHa TpuBecTH 110 Takol Gopmu:

o9 =av2qod . )

Skmo 1e € piBHAHHAM TEIUIOBOTO OajaHCy, TO HOro JliBa YacTWHA € KiJBKICTIO TETIOTH, KOTpa IOCTyIae B
cepeloBuIle, TOBUHHA JOPIBHIOBATH KUTBKOCTI TEIJIOTH, KOTpa HAKOMHUYYETHCS B HHOMY. KimbKicTh HAKOTMHYEHOT

TCILJIOTU B cepeaomxlmi Macor M i HUTOMOIO TEIUIOEMHICTIO ¢ BH3HAYAETHCS piBHHHHﬂMI

aqy =mCarT . @)



Sxmo (1) € piBHIHHAM TEIIOBOTO OajlaHCy, TO MOBHHHA BUKOHYBATHCS PIBHICTB:
av2qod = mCoT

3BIOKH

A _ 4 goqo 9 gyor 2 8S yor
060 mC mC mC
PiBusuHs (1) onmcye mporec nepeHeceHHs Terla 3 O/iHieT yMOBHOT 30HH B iHIIy, aJie HE PO3IIISNAE Ky 1 SIKUM
YMHOM ITIEPEXOAUTh Jajll 1€ TEeIUIo. 3 METOIO MOSCHEHHSI LIbOT0 HEAOJIIKY piBHAHHS Dyp'e nesKi aBTOPH, Y TOMY YUCI i
npo¢. Baiiabepr [5] Bka3yoTh, [0 aJeKBATHY MOJEIL MOXHA OTPUMATH, SAKIIO YTOUHUTH 3aKoH Dyp'e, BpaxyBaBIIn
iHepmiitaicTs Monekyn. Toxi 3akoH Dyp'e HabUpae HACTYNIHY HENiHIHHY opMy:
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ne a << A=B?/a - neska cTana nepenecenHs Terna; A, B - xapakTepHuit yac i JOBKHHA B PO3IISILYBaHOMY TPOIIEC

BIZIIOBITHO.
PiBHSHHS TEIIONPOBITHOCTI 31 CTOKOM TEIJIOBOI €HEPTil 3aIUIIEeMO B TAKOMY BHIJISI:

aT 2 d’T dT
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I 7o - CTaja yacy CTOKY TETIOBOi eHeprii.
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HKH.[O aVZT =Tc F , TO IPUXOAUMO OO0 ONTUMAJIbHOI'O BUIIAAKY, KOJIM IIBUAKICTh NIPUTOKY TCIJIa JOPIBHIOE

MIBUAKOCTI #foro cToky. Skmio 7. =«, a t=6, To npuxoaumo a0 piBHIHHA (3). TakuM YMHOM MOXHA 3pOOHTH

BHCHOBOK TIpO Te, 10 piBHAHHA Pyp'e HE BpaxoBye CTOKY TEIJIOBOI €HEprii, 0 IPU3BOJANUTH 10 OE3MEKHOI IIBHIKOCTI
nepeHeceHHs Teruia. [loTpibHo cka3aT, Mo iCHY0Yi METOIM MAaTeMaTHIHOTO MOJICITIOBAHHS HEMiHIHHUX TEXHOJIOTIYHAX
NIPOLECiB HE 3HAXOAATh BHKOPUCTAHHA B CYYaCHHX CHCTEMax KOHTPONIO Ta ympaBiiHHA. OCHOBHOIO 3a1adero
MaTeMaTUYHOTO MOJICNIOBAHHS SIBHI IIEPEHECEHHS € po3po0Ka METOMAIB aHANITUYHOIO PpO3B'A3KY HETiHIHHHX
audepeHianbHUX PIBHSAHb, NPUAATHUX JUIA NPAaKTHYHOTO BUKOpUCTaHHA. [Ipu mocnifpkeHHI SIBHII IepeHECEHHS
BUXOJIMJIH 3 TOTO, 1[0 MIX JBOMA TiJIaMH 4¥ (ha3aMu, HA TPAHUII SKHX MPOXOAUTh IIEPCHECEHHSI IMITYJIbCY CHEPTiil, Macu
YM KUIBKOCTI pyXy, iCHye 30Ha mepexoay. | TUIbKM B 11iii 30HI MPOXOJATH NPOLECH PEOJIOTIUHHX MEPETBOPEHb, SKi
OMHCYIOTHCS BIAMOBITHUMY 3aKOHAMH.

Mera crarTi (IK HAYKOBOTO MOCJTIIKEHHS) IOJSra€ B TOMY, IMOOM MMOKAa3aTh MOXJIMBICTH MOJICIIOBAHHS
CKJIaJIHUX TEXHOJIOTIYHMX OO0'€KTIB KepyBaHHS Ha OCHOBI OalaHCy IUBUAKOCTEH BXIJHMX 1 BHXIJHMX IIOTOKIB,
HE3BOPOTHUX PEOJIOTIYHUX TepexoliB y (opMi iHTerpambHOi IMITyIbCHOI Aenbra-QyHkmii Jlipaka, 1Mo ITO3BOJISE
OIMCYIOTBCSl Taki OO’€KTH JOCTATHHO HPOCTHMHU DPIBHSHHAMH, NPHUIATHUMHU IJISI BUKOPHUCTAHHS B KOMII'TOTEPHO-
IHTErpOBaHMX CHCTEMaxX KOHTPOJIIO Ta YIPaBIiHHS.

BukJjageHnsi 0CHOBHOTo Martepiaay gociimkenHs. KoxHUI TeXHOJOTIYHUI Tpolec, y KOTPOMY Mae Micie
TIEPEHECEHHS IMITYJIbCy MacH, €Heprii YW KUTBKOCTI y 3aralbHOMY BHUIVIAIL PYXY CKIIAJa€ThCs 3 TPHOX IOCITIJOBHO
BKJIFOUSHHX AMHAMIYHHUX JIAHOK, K IOKa3aHo Ha puc. 1.

v(r.0) 30Ha He3BOPOTHUX ve(t)
i PeoJIoriaHIX
NepeTBOpeHb

Pucynox 1 — CtpykTypHa cxeMa Mpolecy IepeHeceHHs iMITyJIbCy MacH, €Heprii Ta KiJIbKOCTi pyxy

3a Jokepeno mpuiMaeThes 00’€KT, KM 34aTHUH MOCTIHHO CTBOPIOBATH Macy YW €HEprilo, KOTpi 32 paxyHOK
MIEPEHECEHHS KIJIbKOCTI pyXy BHKOPHCTOBYIOTHCS JJISl X IEPETBOPEHHS B iHII BUAM MacH, €Heprii Ta KiJIbKOCTI pyXxy.
Jlxepena MOXyTh OyTH SIK IPUPOTHIMH TaK 1 TEXHIYHUMH. J[0 MPUPOAHNX BIJHOCSTHCS JKEpena, KOTPi CTBOPIOIOTHCS B
3eMHHX HaJpax Ta arMocdepi, HampuKIIaj, TPUPOIHUH ra3, ByTiJUlsi, BOJA, MOBITPS, TEIIOBA EHEPTis, a TAKOX M03a3eMHI
JDKepera, HapHUKIaJ] SHepris COHI Ta iHIMHMX IutaHeT. Taki Jpkepena MPUHHATO HA3WBATH JDKEpENaMH 3 0e3MEeKHOI0
MOTYXHICTIO. JI0 TEXHIYHUX BiTHOCATH JKepela, KOTPi CTBOPIOIOTH Macy Ta €HEPTii0 3 MPUPOIHHX HKEPEIT 32 paxyHOK
iX BiIMOBIAHOTO MEPETBOPEHHS 3 JOTIOMOTOI0 TEXHIYHUX 3ac00iB. Hanmpukian, npupoaHuii ra3 MOKHA TIEPETBOPUTH Ha
TIIPOTeH Ta OKCHJ BYIJIELIO 33 PaXyHOK HOro KOHBepCii 3 BOJISHOIO Mapoio, abo B TEIUIOBY €HEPTil0 32 PaxyHOK
CHajioBaHHA. Byrijuii MoXHa cnamoBaTh Ta OTPUMYBATH TEIUIOBY €HEpriro a0o NepeTBOpIOBaTH Ha XiMiuHi
KOMITOHEHTH, KOTpPi B CBOIO YEpry € JIOKAJIbHUMH JDKEPEIaMHi Macu Ta eHeprii. Bix nmpupoaHux Ta TEXHIYHHMX IpKepel



Maca Ta eHepris 3 IOTIOMOTOI0 TEXHIYHUX 3aco0iB (TpyOONPOBOIIB, JIiHIN Tepeaad TOIIO0) MOAAETHCS IS TTOAATBIIIOTO
HEPETBOPEHHS 31 IUBUAKICTIO Vi (F, 9) (T - BekTOp HAMPSIMKY PYXy MOTOKY BiJl Jukepena; € - 4ac mepeHeCeHHs TIOTOKY)

B IHIIMHA 00’€KT, KOTPHI HA3UBAETHCSA 30HOK HE3BOPOTHOTrO peosioriynoro neperBoperus (HPIT). 3onoro HPII moxe
OyTH apoBHiA KOTEN, TypOOreHepaTop, MAPOBUI NBUTYH, KOXKYXOTPYOHHIT TSIIIO0OOMIHHIK, BUMTAPHA YCTAHOBKA EHEPTil
tomo. I3 3oam HPII HOBI MarepiaibHi YM TEIUIOBI MOTOKH MOCTIHO BHBOMASATHCS 31 IIBHIKICTIO VC(t) , ne t - gac

BHBEICHHS (CTOKY) MaTepialbHOTO Y TEIIOBOTO MOTOKY i3 30HM HPII B iHImMif 06’ €KT, Y KOTpOMY BOHH HAKOTIHIYIOTHCS
(crioxxuBatoThest). [1icns crio)KUBaHHS IMTOTOKIB CTOKY CTBOPIOIOTHCS BIIXOH, KOTPi 3HOBY HAIPABIAIOTHECS B TBEPAY Ta
ra3oBy aTMoc(epH 3eMIli, KOTpi CIPpHMAIOThCS 3a 0e3MexHi. TakuM YMHOM Yy IPHPO/Ii iCHY€E BiATIOBIAHMI OalaHC MacH,
€Heprii Ta KiIbKOCTI PyXy, KOTPi XapaKTepH3yIOThCs MBUAKICTIO Vi (l’, 9) iX MepeHeceHHs y HanpsMKy [ 3a yac 6.

PiBHICTB MIBHIKOCTEH IMEPEHECCHHS IEIKOTO BU3HAYAIHHOTO MapaMeTpa ¢ Bin mxepena no 30an HPII i Bu3HagamsHOTO
napamerpa [ croky Bix 30HM HPII 1o 30HM Hakomu4eHHs, SIKKMH MOXYTh OyTH abo maca, abo eHepris (Teruiosa,

BUIIPOMIHIOBAaHHSI, €JIEKTPOMAarHiTHa TOIIO), ab0 KUIBKICTh pyXy (MEXaHIYHOTO, PiIIMHHOTO, ra30BOI0) OJHO3HAYHO
Bu3Hayae OanaHc Mac i eHeprii. [lIBuaKicTh epeHeceHHs napaMeTpa ¢ JIOPIBHIOE:

v (F,0)=dx(a,0)/ 00, (6)

ne x(a, 9) - 3MiHa JIIHIHHOTO PO3MIPY MPH MEPEHECCHHI BU3HAYAIBHOTO MMapaMeTpa « .
SIkmio BU3HAUaIbHUM MapaMeTpoM € 00'eMHa BUTpaTa F; 3 IDIOMIEIO OMEPEeYHOTro MEPEeTHHY Sy, TO MIBUIKICTH
Vi (I’, 6’): OFop / 0Sp- Tpu mwoni Sy =Xy, e X, Y - AesKi NiHiHHI HANIPSIMKH PyXy IOTOKY, TO i 3MiHa OSp; = OXOy

abo mpu OX =0y Maemo: OSp = X2 . Toxi PIBHSHHS AJIs TiHIHHOT IIBUIKOCTI MTOTOKY NEPEHECCHHS MPUIMA€e BUTIIS:
Vi (x,0) = 6%Fop 1 %7, @)

[MpupiBHiotoun piBHsHHA (1) 1 (2) IPUXOANMO 10 HACTYITHOTO AU(EPEHIIaIbHOTO PIBHSIHHS OaNaHCy IBUIAKOCTEH
MIpH IEPEHECEHHI JIIHIHOTO PO3MIpy:

ax(Fon’H) =K azl:on (51‘9)

20 o ®)

ae Ky |_M2 / cJ - e(peKTUBHUI Koe(illieHT NepeHeceHHs JiHIHHOTO po3Mipy; & - 3MiHA BIJICTaHi X.

Awnanisyroun piBHsHHs (1)-(3), NPUXOIUMO 10 HACTYIMHHX BHCHOBKIB: IPU MEPEHECEHHI IMIYJIbCy 00'€MHOT
BUTPATH MOTOKY, SIKUI PyXa€eThCs 3a HAPSIMOM x(Fn , 0) , epexruBHMIT KoedinienT nepenecenns Ky =1; piBusuns (3)
OMHCYE TPOIEC 3MIHH JIHIHHOTO PO3MIpy MpH HEepeHEeCeHHs MOTOKY 00'€éMHOT BUTpPATH TiJIBKH Bif JDKepena, SKAM €

JeSIKU TTOYaTKOBUH MOCTIHHUH po3mip Lo y Hampsmky X, Hampukiax go 3oHu HPII, i He ommcye mporeciB, KOTpi
MPOXOSTH B 1il 30Hi. [IpH BiIIOBIIHMX MOYaTKOBUX YMOBaXx piBHsHHS (3) Ma€ aHaJITUUHE PillIeHHsI B HACTYIHIH Gopmi

[6]:

F =L, -erf _f .
x( OH,H) L, -erfc 2\/_ 9

IMonanaroun B 300y HPII, Maca, eHeprist 4u KIIBKOCTI pyXy ITOTOKIB IIEPEHECEHHSI IIEPETBOPIOIOTHCS, B Pe3yJIbTaTi
YOro CTBOPIOIOThCS MOTOKH 3 HOBOIO MAacol0, EHEpri€lo Ta KiJIbKICTIO pyXy, KOTPI BUXOJATH (CTIKAIOTh) 3 1€l 30HU Y
HaKomU4YyBau Oe3mexHoro 06’emy. Bimomo [6], mo mist 3akoHy Teruonepenadi dyp'e mpu BiACYTHOCTI BHYTPIlIHIX
JDKepell Teruia CIpaBeJIBe HACTYIHE y3arajbHEeHe PIBHSIHHS:

oT .
Cop—=divi-grad T, 10
P'DGH g (10)

Ie Cp, P, A - TEIIIOEMHICTb, T'YCTHHA 1 TEIUIONPOBIAHICTD CEPEJOBHUINA BiIOBIAHO.

SIko nporec nepeHeceHHs! IMITYIIbCY TeIula 3/1iHCHIOETHCS. B OTHOMY HanpsIMKY, TO piBHAHHA (10) mpuBoauTHCS
JI0 HACTYTHOT'O BUTJISAAY:

ar(s.0)_ o1(e.0) (11)
00 oe®

Ie x - NiHIHHUHA HAPSIMOK IIepeHeCeHHs TeIia; a = A/ cpp - TeMIIepaTypONpOBIAHICTE CEPEAOBHUIIIA.

[Tpn HyTHOBUX ITOYATKOBUX YMOBaX pimieHHsM piBHAHHS (11) Oyne
- IpY HarpiBaHHI cepeoBUINA



7(£,6)=T,ert (£/24a0) (12)

- TIpH OXOJIOKEHHI CepeIoBUIIA

T(£,6)=T ertcl¢ 12va0). (13)
s mepeHeceH s IMITYIIbCY MacH peYOBHHH 3TiTHO 31 3akoHOM Pika MaeMo:
2
om(x,6) _ b, 0 m(i’ 0)1 14)
00 o0&

ne m(rf, 9) - Maca CepellOBHIIA, sfKa IepeHOocuTbes 3a HampsaMoM & Ta wacom 6; D, - xoedimieHT edeKTHBHOrO

HEPEHECCHHS MacH.
[Ipu HyTPOBHX MOYATKOBUX YMOBAX PillleHHs piBHAHHA (14) Mae BUIIIAL!

m(&,0)=m,ert (£/2,/D,0), (15)
3aKOH MepeHeCeHHS IMITYITbCY KITBKOCTI pyXy MOKHA BU3HAUHMTH 3 piBHsAHHSA Has'e-CTokca, sike Mae Burisin [12]:

o) ov(Ee) oP
0 M PEIPY 7 (16)

Ie p, (4 - TYyCTHHA Ta AWHAMIYHA B’S3KICTh CEPEOBHIIA; v(é,@) - MIBUIKICTh pyXy B HanpsMky & 3a wac 6, P -
niepernaj THCKY B CEPEeOBUILI; ¥ = pg - CHJIa 3eMHOT'O TSDKIHHSL.

SIKII0 cuila TUCKY CepeIOBHINA Ta 3¢MHOTO TSDKIHHS € He3HAYHUMHU, TO PiBHSAHHS (15) MPUBOAMTHECS MO 3aKOHY
HeroTona:

&,0) _ a*v(e.0) (17)
06 oc?

ae v =ul p - xiHemMaTH4yHa B’SI3KICTh CEPEIOBHIIIA.
AmnarnitiuHe pinreHHs piBHAHHES (16) Mpu HYyTHOBHUX MOYATKOBUX YMOBAaX Ma€ BUTIIS:

v(£.6)=vyert (£124v8) (18)

Hopisatoroun (9) 3 piHsgaEsMu (11), (14) i (16), 6auyumo iX nomiOHICTE. BOHU BiIpI3HAIOTBCS TLTBKH
BH3HAYAJNBHAM MapaMeTpoM (JHIHHEM pO3MipoOM, TEMIIEpaTyporo, Maco Ta IIBHAKICTIO pyXy) i KoedimieHTOM
e()eKTUBHOT'O MepeHeceHH s boro napaMerpa. [1oTik Macu, eHeprii 4u KiIbKOCTI pyXy, KOTpi noctynarTs B 30Hy HPIT
BiJl JUKepeJa IHIINX MOTOKIB, SIKi XapaKTEePU3YIOThCS CBOEI0 MACOI0, CHEPri€l0 YK KUIBKICTIO PyXy, 38 paxyHOK qudysii
Ta KOHBEKIIT IEPETBOPIOIOTHCS 1 BUXOATH 3 Li€l 30HM B HakonnuyBay. OCHOBOIO TaAKHMX MPOILIECIB € OajaHC Mac, eHeprii
Ta KIJIBKOCTI pyxy. balaHC Mac OMUCYETHCS TAKMM PIBHSIHHSM:

dmp = dmy +dmg, (19)

ne dmp = Fydt - xinekicTs Macu, ska nomaerscs B 30Hy HPII moTokom MacoBoro Butparoro Fp 3a wac 6; dmy -
KUJIbKICTh MacH, KoTpa neperBoproethbest B 30H1 HPII 3a paxyHok XimMiuHOT peakiii, KOHIIEHTPYBaHHS, PO3YHHEHHS TOLIIO;
dmg = Fdt.

KimpkicTh Macu, KOTpa TPOXOTUTH IepeTBopeHHs B 30HI HPII, 3amexwurs Bif iHIIHX mapaMeTpiB i MOXe
BU3HAYaTUCs 32 GOPMyJIaMu:

. , Pr . \%
- JUISL Ta30BHX CEPEOBHIL 32 3MiHOK 00’ eMy rasy: dmp = ﬁdv ; 38 3MIHOI THCKy rasy: dmp = ﬁdPr ; 3a

TeMIeparyporo razy: dmpy :%dT; 3a 4yacoM XiMiuHii peakuii: dmp :VVp(QH —Q)dt, age P, T,V - tuck,

Temneparypa Ta 00’eM ra3oBoro cepezioBuila BianoBiaHo; R - yHiBepcanbHa rasosa crana; Vi, - WBMAKICTb XiMIYHOL

peaxuii; Q, - KOHLEHTpaLis peakLifHOro KOMIIOHEHTY BX1THOTO IIOTOKY BUTpaToo Fyy ,
- JUTSL piJMHHHUX CEPEeOBHIN: 3a piBHeM pinunu B 30Hi HPIT: dmp = pS;;dL ; 3a rizxpocTaTHyHUM THCKOM piguHU:

S . P, o,
dmy =~LdP.,; 3a nomepeunum neperuHOM cTOKy piamHu: dmp =—2dS;; 3a wacom Ximiumiii peaxii:
g g



dmp =Vv, (QH —Q)dt y 1€ p - TYCTHHA PiuHM; S - IJIOLIA IEePEeTBOPEHHA MacH, sAka noctynae B 30ny HPIT; L, Py -
PIBEHB i TiAPOCTATUYHUI TUCK PIWHU; ( - IPHUCKOPEHHS 36MHOTO TSDKIHHA.

KimpkicTs Macy, sika BuxoauTs 3i 30HM HPII, Moxe OyTH BH3Ha4YeHa 3a HACTYITHUMH (HOpMyTIaMu:

- U1 PIAMHHUX cepenoBHIl: dMe =aS.-4/2gLdt, ne «, Sc - xoedilieHT BUTpaTH Ta MONEPEYHUH HEpEeTHH

BHXITHOTO TIOTOKY (CTOKY);

as .
- IS Ta30BHUX cepenoBuI: dmg = \/C_g CpP , mie Cp, - muTOMa TemNoeMHiCTb rasy; P — THCk.
RT

SIK1I0 mpoIIec PeoIoTivHOTO MEPETBOPEHHS CYIPOBOIKYETHCS XIMIYHOIO PEAKIII€I0, TO KiNbKICTh HOBOCTBOPEHOT
Mmacu B 30H1 HPII

dm, =V(Q, -Q)L—exp(—- E/RT)kt, (20)

ae V -00’em 308 HPII; Q,, Q - KOoHLIEHTpallisd pearyio4oro KOMIOHEHTY, KOTpa Haaxonuth B 300y HPII Bin mxepena;

E - enepris aktuBauii amst Ximigaol peakuii; R - yHiBepcanbHa razoBa crana; T - TeMmeparypa peakiiii.
VY 3aranpHOMY BUMAIKy MaTeMaTHdHi Moxeni 1t 305 HPIT MoxHa BU3HAUNTH 3 HACTYIHHUX PiBHSHb:
- baymaHCy Mac:

>.dm, =dm; + > dmg : (21)
- baymaHCy TemmepaTypu (eHeprii):

20T, =dT; + > dT¢ : (22)
- baymaHCy KUTBKOCTI pyXYy:

2.dv, =dv; + > dve . (23)

ne ».dm,, >dT, i > dv, -cyma Mac, TemmepaTyp Ta KiIbKOCTi pyXy, KOTpi HanxoaaTs B 300y HPII Bix mkepen
BigmoBiz#o; My, dT; i dv; - Maca, TemmepaTrypa Ta KiIBKiCTb pyXy, KOTpi MaroTh Mictie B 30ui HPIT; > dm., > dT.

i Y. dve - cyma Mmac, TemmepaTyp Ta KiIbKOCTi PyXy, KOTPi BUXO/ATH (CTiKaroTh) i3 30Hr HPII.

VY pe3ynpTaTi OTpUMYIOTECS MaTeMaTHIHiI Moeni st 30Hu HPI y popmi HeniHifHUX audepeHiianbHuX piBHIHB
y HACTYITHOMY BHIJISIZII:

Tr':¥+...+z—1c;—[:+ﬂ:a(x,9),(24), (24)

Ie 7,,7; - CTall 4acy IHEepeHEeCeHHS BUXIIHHMX NOTOKiB; [ - crBopeHuil y 3oHi HPII Bu3HawanbHuii mapamerp
PEOJIOTIYHOTO NTEPETBOPEHHS; a(x, 6’) - BU3HAYAJILHUI MapaMeTp BXiJHUX MOTOKIB.

SIkimo Kepesio Mae Ge3mMexHy TOTykHiCTIO, T0 a(x,8)=const . Tomi mBHAKICTH PyXy ,B(t) BU3HAYAJILHOTO
napamerpa BUXIJTHOTO MOTOKY JIOPiBHIOE:

dn+1 d2 d
TnndtTer'“”l—ﬂJr—ﬂ:O- (25)

dt?  dt
13 BaKOHiB SIBUII] HepGHGCGHHﬂ BHUJHO, 10 HpI/I HaﬂBHOCTi KOHBGKHiﬁHOi CKJ'IaHOBO.l. HOTOKy MaeEMO:

=0. (26)

2
da(x, 9)+ D, d a();, 9)+Vk da(x,0)
o0 ox X

ne D, - edexruBHHH KoedillieHT HepeHECeHHs BU3HAYAIBHOTO BXIJHOIO MOTOKY; V|, - KOHBEKIilHA CKJIanoBa

MIBUKOCTI BXiJTHOTO MOTOKY.

OcCkinbKu paBi 9aCTHHU PiBHSHB (25) 1 (26) AOPIBHIOIOTH HYJITIO, TO BOHH € TOTOXKHUMH, BpaxoBy10YH TOTOXHICTH
IIPOLIECIB SIBUII IEPEHECEHHS Ha AESKUX T'PAHUIIAX NIEPEX0.ly IIPU HYJILOBUX I'PAaHUYHUX YMOBAX, OTPUMYEMO HACTYITHE
HeniHiliHe qudepeHianbHe piIBHAHHS B Takill Gpopmi:

da(x.0) D, d*a(x,0) v oa(x,6) _ o d"4(t) . d?p(t) , dpt) 27)
00 ox* ox dt"* dt>  dt

OCKiNbKHY JIiBa 4acTHHA piBHSHHSA (27) omucye MIBUAKICTh PyXy BXIJIHOTO HOTOKY V(I’, 6) npu I =X, a npasa —

IIBUJKICTh PYXY BHXITHOTO MOTOKY vc(t), TO BOHO € PIBHAHHAM OanaHCy mBHAKOCTeH. Tak fK BXiIHUI Ta BUXITHUN



HNOTOKU MAlOTh IONEPEYHi NEPETUHH BIANOBiAHO Sy i S¢ , a 00'eMHi BuTpatn Fyp = v(x, H)SH i Fye :v(t)SC , TO LISt
BHKOHaHHA piBHOCTI (27) motpi6bHO, mo0u 00'eMHa BUTpaTa BUXiZHOro HOTOKY For = FoqSc /Sy . BinnosinHo mus
MacoBHX BUTPAT MaeMo: Fyy = o Forn = pnv(X,0)/ Sy i Fye = peFoc = peV(t)/ S . 3 octanmix pisHocTeii BijHO,
1o Juist 3a0e3nedeHHs OajaHCy IBUIKOCTEH NOTOKIB HEOO0XiJHO, II0OH MIBUAKICTH BX1IHOTO TIOTOKY

Pc | Su
v(x,0)=v(t) 2e | S|, (28)
P\ Sc
1€ Pr, Pc - TYCTHHA BXIHOTO Ta BUXIHOTO HOTOKIB BiJIIOBIIHO.

Takum unHOM, piBHAHHS (27) € MaTEMaTHYHOIO MOJEJIIIO PEOJIOTIYHOTO MIEPEHECEHHS MacH, Heprii Ta KUTbKOCTI
pyxy B nmudepenuianbHiii (opmi. lle piBHSHHS € OararomapaMeTpUYHHM 3 HACTYIHUMHM OCHOBHUMH 3MIHHUMH
napaMeTpamu: a(X,H) i ﬂ(t) - BXifiHU} i BUXiZHUI BU3HAYAIbHI MapaMeTpH BiAnoBimHo; @ 1 t - yac mepeHeceHHs
BU3HAYAIBHOTO IIapaMeTpa a(x, 6’) 1o 3ouu HPII i 9ac cToky cTBOpeHOTr0 mapamerpa ﬁ(t) ; X - HaIIpsIMOK IIEPEHECEHHS
BXIJIHOTO NIOTOKY; V| - JiHil{HA MBUAKICTh KOHBEKLIIHOI CKJIaJ0BOI BU3HAYAIBHOIO IapaMeTpa BXiTHOTO IOTOKY; 7, -

CTaJli yacy mepeHeCeHHs BU3HAYAILHOTO TapaMeTpa BUXiIHOTO MOTOKY. Sk mokas3aHo B [9], Taki HeniHilHI piBHSIHHS He
MaroTh aHAJTITUYHOTO PO3B'SI3KY, @ HAOIMKEHI METOAM € HE JOCTaTHHO TOYHHMH, IO YCKIAJHIOE iX OCITIIKCHHS, a
0co0MMBO iX MPAaKTUYHO HEMOXJIMBO BHKOPHCTOBYBaTH B CyJYaCHHX CHCTEMax KOHTPOJIIO Ta ympaBiiHHA. Tomy
OCHOBHOIO ITOJIAJIHILIOI0 33]a4€I0 € PO3pO0Ka Ta JOCIIIKEHHS IPOCTUX METOAIB PO3B'A3KY HENHIHHUX AU epeHIIATbHIX
PiBHSHB OallaHCy MIBUAKOCTEH ITOTOKIB BU3HAYAJIBHUX MAPAMETPIB SBHUIIL IIEPEHECECHHSL.

OnucaHHA npouecy NepeHeceHHs iMIyIbCy MacH, eHeprii Ta KiabKocTi pyXy iHTerpajJbHOI0 iMIy1bCHOIO
nensTa-pynkunieo Jipaka. [Ipu nepeHeceHHi iMIyNbCy €Heprii, Macu 4M KiJIbKOCTI pyXy HO KpaifHili Mipi IOBHHHO
6yTH JIBa cepeIoBHINA: [KEPENo 3 BU3HAYATBHUAM TIapaMeTPOM ¢ 1 HAKOMMYYBAy 3 BU3HAYATBHUM MapamMeTpoM f3 , K

MoKa3aHo Ha (puc. 2).

a)
vi(t)

a

30H
PEOTIOriYHUX

MEPETBOPECHD

a a=f(x.0) B=f(t)

A Y
nyewéﬂbHa
iMmyiBCHA
,ue?!ra-QJy‘HKuiﬂ

¢ Jlipaka *
'¢ I[p ~§.

0 t1, 01 t2, B2 t, 0

Pucynok 2 — ®i3nuna Mozens i rpadiku HPIT aiist BXigHOTO Ta BUXiTHOTO BU3HAYAIEHUX MTAPAMETPiB

Hexall mxepeno XxapaKTepu3yeTbCs MOYaTKOBUM BU3HAYaJIbHUM IapaMeTpoM ¢, a Ha Bxodi 3oHu HPII €
3MIHHUM BU3HAuYaJIbHUN IapaMeTp ¢ , AKUH Moxke 3MiHtoBaTHCS Bin 0 10 « . Ha Mexi mxepeno-zona HPII norennian
BH3HAYAJILHOTO IIapaMeTpa ¢, (F, 9) =ay— al(F, 9) .Y 30ni HPII norenuian ¢, (F, 49) 3MIHIOETBCSI BiJJ MAKCHMAJILHOTO
3HAYEHHA (oa(r’, 6’):¢)amax JO MIHIMAJIbHOIO (pa(r,e):%min. VY 3o0ni HPII BusHauanpHMil IapameTp IKepena
a(l’, 49) MIepETBOPIOETHCS B 1HIIMH BH3HAYAJIBHUN Mapamerp ,B(F, 6): ﬁ(t), Je t - "ac peoJsIoriyHOTO MEepeTBOPEHHSI.

[Tpu npoMy IPUHMAETHCS IO YBArH, IO 1€ MEPETBOPEHHSI MPOXOIUTH OJHOYACHO 32 BCiMa HAMPsSIMKaMH PyXy TapaMmeTpa
a(l’, 9) . Tomy y 3aranmpHOMY BUTIQJKy 4ac nepeHeceHHs 6 =t. Ha kinmi 3oam HPII cTBOproeTbecss MakcumanbHa

KiJIbKICTh BU3HAYAJIBHOTO ITapamerpa ﬂ(t)z Prnax » AKa BUXOIUTH 3 L€l 30HU Ta IEPEeXOJUTh B HaKoIMYyBad. SKio
HaKONHMYYyBay € OE3MEKHUM, TO HOTO MOTEHIAN @z = B - [Ipn oOMexkeHOMY 32 06°€MOM HaKOMMYyBadi MOTEHI{AN
napamerpa ﬂ(t) 3MiHIOBaTUMETHCS Bift 0 10 Bnay -

INoTeHuian nepeHeceHHs BXiHOIO IOTOKY € BEKTOPHOI BEIMYUHOINO (0(!’,(9) , Ie [ - BEeKTOp HaNpaBICHOCTI

pyxy; @ - yac nepenecenns. Ha puc. 2, a nokaszana (pi3uuHa MOJeb EPEHECEHHs] BU3HAYAILHOIO TIapaMerpa « Bij
HOTO JpKepena JI0 30HH PEOoJIOTIYHOTO TEPETBOPEHHS 31 IIBUIKICTIO Va(x, 9). Ha rpanumi posminy 3oma HPTI-



HAKONM4yBa4 napamerp [ HalyBae MAKCHMAIBHOTO 3HAYEHHS Ta BABOAMTECS 31 IBU/KICTIO V4 (t) B HakomnuuyBau. [Ipu
TaKMX yMOBax Ipolec peosiorigHoro  mepeTBopeHHsS B 30Hi HPII  mporikae 3a  Biapizok  dHacy
Aty =A0, =AE=t, -t =0, -6, =const . Takum 4YMHOM TmpOLEC, KOTPHH NpOTIKAaE Ha BIAPI3KY Hacy A& e

IHTErpaJIbHOIO IMITYJILCHOIO JienbTa-(yHKuieto [lipaka 3 sapoM, sike ONUCY€E peosioriuHe NepeTBOPEHHS, y Takiil (opmi

[10]:

Ttepe-gpe-| 0 G h&s

4,40 (& +0) <& <ty (29)

ae 5(5—50) - SIpO JIHIHHOTO IHTErpajbHOro mepeTBopeHHs; &, &, - MOTOYHMH i MaKCUMaJbHHMI 4ac 3MEHILEHH:
napamerpa « i30iunbnieHHs napamerpa S B 3oni HPIL

SAnpo miHIHHOTO iHTErPaIBHOTO IEPETBOPEHHS OMHCYE Tpollec, sikuil npotikae B 30Hi HPIT mpu meperBopenHi
napamerpa « 3a norouHuid yac & . Tak sk mepeHeceHHs mapameTpa « Bix jukepena B 30Hy HPII onmcyetses BimoMumu

3aKOHaMH SIBUIL IEPEHECEHHS, a ITPOIIeC BUBEACHHS (CTOKY) mapaMeTpa [ 3 1€l 30HU 3a IHTErpalbHUMH 3aKOHAMH, TO

y 3araJlbHOMY BUIJIA[I, BPaxOBYIOUM YMOBHU OallaHCy Macu, €HEprii Ta KUIbKOCTI pyXy MUl 30HM IEpPETBOPEHHS, SAPO
JIHIKHHOTO IHTErPaJIbHOTO MEPETBOPEHHS ONMCYBATUMEThCSl HACTYIIHUM PIBHSHHSIM |

aa(pél +div(p, -7, )= ~div(D, Ve, )+74(t). <0

ae ¢, =0y —a - NOTeHIlial BU3HAYaIbHOTO ITapaMeTpa BXiJHOTO MOTOKY; O, - MAaKCUMAalbHE Ta IOTOYHE 3HAUCHHS
BU3HAYAJIHOIO IApaMeTpa BXiHOrO IOTOKy; V, - cepelHs WIBUAKICT pyXy mapamerpa o, D, - ebexrusnuii
Koe(iLieHT IIepPEHECEHH s mapameTpa « ; V¢, - Namnacias; g (t) - LWIBUJIKICTh BUBEJICHHSI BU3HAYAJILHOTO Mapamerpa
[ 13 30 HPII 3a gac t.

Hpyra cknagoBa piBHAHHA (30) omnucye KOHBEKLIHHY CKIaJOBY IIBHAKOCTI PyXy INOTOKY IOTEHLialy @, .
BpaxoByroun, mo koedinieHT D, He3HaYHO 3alEeKUTHh Bill MpOLECY NEPEeHEeCEHHs, a MEePEHEeCEHHs 3MAIHCHIOETHCS B

HanpsiIMKy X , IPUXOJUMO O HACTYIHOTO AN(EPCHIIAIbHOTO PIBHAHHSA:

00,(x.0) , [ P*0u(x0) . 00,(x0)_d |2 ,d"0s(0)
o 2

, 31
00 «oxdt %T” at" (31)

ac @, (X, 9) =0y — O.’(X, 6) - HOTGHI_IiaJ'I napameTpa « , Qp, (Z(X, 9) - MaKCMMaJIbHE Ta NOTOYHC 3HAYCHHA NapaMeTpa &

d (Pﬁ( )_

o - IBUJAKICTh BHUBEJCHHS (CTOKY) CTBOPEHOTO

3a HANpPSMKOM TEPEHECEHHS X 3a 4ac H;yﬂ(t) Z 7

napamerpa /3 i3 3onn HPII 3a wac t; 7, - cTani yacy mpolecy cTBOpeHHs MoTeHIiany mapamerpa S B 3oni HPIL; n -
KUJIBKICTh CTaJliil epeTBOpeHb MOTEHIIay IapaMeTpa ¢ Y MoTeHuian napamerpa [ ; goﬂ(t): Po— ﬂ(t) - MOTeHIian
mapameTpa [ BUXiIHOTO MOTOKY; [y, ,B(t) - MaKCHMallbHe Ta NOTOYHE 3HAYCHHS mapaMerpa [ .

PiBusirHst (31) € MareMaTHYHOI MOJEJUII0 00’€KTa KOHTPOJIIO Ta YIPABJIiHHS, SKa ONUCYEThCS HENiHIIHUM
nudepeHIiatbHUM PIBHSHHSIM.

BucHoBku. Briepiiie po3risiiatoThesl MUTaHHS SIBUII IEPEHECEHHS Ha OCHOBI TEOPil PEOJIOTIUHHUX MEPETBOPEHbD, B
OCHOBY KOTpOI MOKIaJ€HO NPHHIMN OalaHCy IIBHAKOCTEH, SKUM NOJsArae B TOMY, IO IIPOLEC MEPEHECEHHS
BU3HAYAIILHOTO Mapamerpa (Macu, TeIuia, eHEeprii Ta KiJbKOCTI PyXy) PO3/IISEThCS HA TPU CKIIAJ0BI AUHAMIYHI JTAHKU:
JIaHKa TIEPEeHECeHHs] BU3HAYaJIbHOTO ITapaMeTpa BiJl JpKepesia J0 30HH HE3BOPOTHOTO PEOJIOTIYHOTO IEPETBOPEHHS
(HPIT), nanka nuHaMiYHOTO NMEPETBOPEHHS LHOTO IapaMeTpa Ta JaHKa HAaKONMWYEHHS (CTOKY) HOBOTO BH3HAYaJIbHOT'O
napamertpa. [1IBuaKkicTh mepeHeceHHs BU3HAYaJILHOTO IIapaMeTpa B MEPIIii JaHIl ONHUCYETHCS BiIOMUMH 3aKOHAMH SIBHII]
nepenecenns (Dyp'e, dika ta HetoToHa), y apyrii nanni — ¢izuko-XiMiuHMMHU 3akoHaMu (Harpukian, Has'e-Ctokca,
Apeniyca Ta iHIIUMH), @ B TPETi — iHTerpassHUMH. [Toka3aHo, 110 MBHUAKICTH MEPETBOPEHHS BU3HAYAIBHOTO MTapaMeTpa
B 30Hi HPII MoxHa ommcaTtu iHTErpanbHOIO IMITyJBCHOIO AenbTa-QyHKIielo Jlipaka 3 sapom y ¢opmi HemiHiHHOTO
nudepeHIiadbHOTO TePeHEeCeHHST BU3HAYAIBHOIO MapameTpa. HacTymHOro 3amadero MOJIETIOBAHHS TEXHOJIOTIYHHX
00'eXTiB KOHTPOIIIO Ta YIPAaBIiHHA € po3poOKa Ta OOTPYHTYBAaHHS IMOYATKOBHX | TPAHWYHHUX YMOB, a TAaKOXK CHOCOOIB
pilmeHHs HENiHIMHUX IudepeHnianbHuX PIBHSAHb NEPEHECeHHS BHU3HAdaJ bHOTO mapamerpa B 30HI HPII, meromom
HYJBOBOTO TPaJi€eHTa, KOTPUIl PO3IIIIaTUMEThCS B HACTYIHIH POOOTi.
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w

B cratbe MPUBOAUTHCA aHAJIN3 CYHICCTBYIOMIUX METOJOB MATEMATHYCCKOIO MOACIMPOBAHHA HEJTWHEHHBIX IMpoueccoB
NEpeHOCa UMITYJIbCa SHEPTUNU U MACChl B TCXHOJIOTHUICCKUX O6’beKTaX YyIipaBJICHUA. HOKa3aHO, YTO HU3BCCTHBIC 3aKOHBI
SIBJICHUI TIEpPEeHOCa OMMUCHIBAIOT MPOLECCHl OT UCTOYHUKA HEOTPAHUYEHHOW MOIHOCTH K HEKOTOpO# cpeabl. [loka3aHsl
HEIOCTATKA MAaTEeMaTHYECKOTO MOJCIUPOBAHMS HEIUHEHHBIX MPOLECCOB M CIOKHOCTh PEUICHHS HETUHEHHBIX
Maremaruueckux mojeneil. [Ipeanaraercss 1 000OCHOBBIBACTCS METOJ MOJCIHUPOBAHHS TAKHX MPOIECCOB Ha OCHOBE
TEOPUH PEOJIOTHYECKUX MEPEXOJ0B U HMHTErPaNbHOH HMMIOYNbCHON nenbra-QyHkuuu Jlutpaka. Ilokazano, 4To
TEXHOJIOTHYECKHE TMPOIECChl PO3JACISIFOTCS HA HWCTOYHMKMA MACChl, JHEPTMU W KOIHYECTBA JIBHIKCHUS, 30HBI
PEONIOTHYECKUX MPeoOpa30BaHKUil i HAKOIUTEIS HOBOCO3JAHHON MAcChl, JHEPTUU U KOJHUYESCTBA JBIIKCHUS.
KiroueBble cjioBa: MOJEIb, IEPEX0/, Macca, dHeprus, QyHkius upaka, rpaareHT.



UDC 518.5/07/
Stentsel Y. I., Porkuian O. V., Litvinov K. A., Sotnikova T. G.

MATHEMATICAL MODELLING OF NONLINEAR PROCESSES OF
ENERGY AND MASS TRANSFER BY METHOD OF BALANCE OF VELOCITIES

The article analyses methods of mathematical modelling of nonlinear processes of energy and mass
pulse transfer in the technological controlled objects. It is noted that the well-known laws of transfer
phenomena describe the processes from the infinite energy source to the medium. Disadvantages of
mathematical modelling of nonlinear processes and complexity of solution of nonlinear
mathematical models are shown. A modelling method for such processes is proposed based on the
theory of rheological transitions and the integral impulse Dirac delta function. It is shown that
technological processes are divided into sources, zones of rheological transformations and storage
of the newly created mass, energy and momentum.

Keywords: model, transition, mass, energy, Dirac function, gradient.

Problem statement. Control and management of technological processes is carried out on the basis of modern
intelligent automation systems, which provide a wide use of mathematical support. Here a large part is played by applied
mathematical models, which are designed not only for calculation of control actions, but also for determination of
uncontrolled technological parameters, optimization of the technological process and introduction of amendments to the
control results. Since modern technological processes are characterized by high flow velocity and processing of measuring
information and calculations of control actions require some time, one of the main requirements for the software is
simplicity of mathematical models and their adequacy to the static and dynamic characteristics of the technological
process and calculating speed of the respective control actions.

Problem statement. Material and energy flows directed for respective transformations into processing units (heat
exchangers, evaporators, absorbers, reactors, etc.) or other technical devices change their initial state due to rheological
transformations, which leads to creation of material or energy flows with new parameters (concentrations, temperatures,
pressures, etc.). Transformations can be simple (one-stage) or complex (multi-stage). Complex technological objects
include shell and tube heat exchangers, reactors with creation of intermediate products, evaporators, rectification columns
and most reaction processes, for example, conversion of steam pressure into mechanical motion of the steam turbine or
electric energy in the generator-engine system [1].

The basis for rheological transformations are the laws of transfer of mass (Fick’s law), thermal energy (Fourier’s
law), and momentum (Newton’s law) pulse, on which the theory of mass, heat and energy transfer is based [2, 3]. All
known laws of transfer phenomena generally describe the process of transferring mass, heat and momentum pulse from
the infinite energy source to the medium, which is taken unlimited. For real technological processes there is a deviation
from the known laws, as velocity of transfer of one or another material, thermal or other energy flow is limited. This leads
to the fact that mathematical models of real transfer processes are so complex that they do not have an analytical solution
or are unsuitable for practical use in automated control systems. Therefore, the problem of finding and developing
methods for improving the mathematical description of the transfer process phenomena is relevant.

Theoretical analysis of the research. It is known [4] that proportionality of the heat flow to the temperature
gradient leads to Fourier’s law, which has the following form:

or o
%_av T,1) 1)

where T - the temperature; @ - the transfer time; @ - thermal conductivity; V - Laplacian
Equation (1) describes the balance of linear velocity of thermal energy transfer at the input to the medium and
velocity of its distribution along the linear coordinates X, y, zof this medium due to thermal conductivity. Since

temperature is determined by the ratio of the amount of heat to enthalpy S, then when S =const equation (1) can be led
to the following form:

a9 =av>qos . @)

If this is the equation of thermal balance, then its left-hand side is the amount of heat that enters the medium, it
must be equal to the amount of heat that is accumulated in it. The amount of accumulated heat in the medium of mass M
and specific thermal capacitance ¢ is determined by the equation:

&0y =mCaT . (3)
If (1) is the thermal balance equation, then the equality must be satisfied:

av2qog = mcaT



from where

a =2 v2qg=-9 gv?T = EVZT
068 mC mC mC
Equation (1) describes the process of transferring heat from one conditional zone to another, but does not consider
where and how this heat passes next. In order to explain this disadvantage of Fourier’s equation, some authors, including
prof. Weinberg [5] indicate that an adequate model can be obtained by clarifying Fourier’s law, taking into account the
inertia of the molecules. Then Fourier’s law gains the following nonlinear form:

2:
PLARNCINEL (4)
06° 00

where o << A= B?/a-some constant of heat transfer; A, B - the characteristic time and length in the considered process

respectively.
The equation of thermal conductivity with the thermal energy sink will be written as follows:

oT ) d’T dT
—+aVT =0 —+—, 5
00 C a2 dt ®)
where 7. - the time constant of the thermal energy sink.
2:
If av?T = Tc c;—z , then we arrive at an optimal case, when heat input velocity equals its sink velocity. If ;. =
t

,and t =6, then we arrive at equation (3). Thus we can conclude that Fourier’s equation does not take into account the
thermal energy sink, which leads to infinite heat transfer velocity. It must be said that the existing methods of
mathematical modelling of nonlinear technological processes do not find use in modern control and management systems.
The main task of mathematical modelling of transfer phenomena is development of methods for analytical solution of
nonlinear differential equations, suitable for practical use. During the study of transfer phenomena, we proceeded from
the fact that there is a transition zone between two bodies or phases, at the boundary of which transfer of energy, mass or
momentum pulse occurs. And only in this zone the processes of rheological transformations described by the relevant
laws take place.

The aim of the article (as a scientific research) is to show the possibility of modelling complex technological
controlled objects based on the balance of velocities of input and output flows, irreversible rheological transitions in the
form of the integral impulse Dirac delta function, which allows such objects to be described as quite simple equations,
suitable for use in computer-integrated control and management systems.

Main research materials presentation. Each technological process in which the transfer of mass, energy or
momentum pulse occurs in the general motion pattern consists of three sequentially connected dynamic units, as shown
in Fig. 1.

v(r®) | Irreversible ™| ve()
rheological
transition zone

Figure 1 — Block diagram of the process of transfer of mass, energy and momentum pulse

As a source there is accepted an object that is capable of constantly creating mass or energy, which by transferring
momentum is used for their transformation into other types of mass, energy, and momentum. Sources can be both natural
and technical. Natural sources include those that are found in the Earth’s interior and atmosphere, such as natural gas,
coal, water, air, thermal energy, as well as nonterrestrial sources, such as energy of the sun and other planets. Such sources
are called infinite energy sources. Technical ones include sources that generate mass and energy from natural sources due
to their corresponding transformation by technical means. For example, natural gas can be converted into hydrogen and
carbon monoxide through its conversion with steam or into thermal energy through combustion. Coal can be burned and
one can obtain thermal energy or it can be converted into chemical components, which, in their turn, are local sources of
mass and energy. From natural and technical sources, mass and energy are provided by technical means (pipelines,

transmission lines, etc.) for further conversion with velocity VH(F,H) (T - the vector of the flow direction from the

source; & - the time of the flow transfer) to another object, which is called the zone of irreversible rheological
transformation (IRT). The IRT zone can be a steam boiler, a turbine generator, a steam engine, a shell and tube heat
exchanger, an energy evaporation unit, etc. From the IRT zone, new material or thermal flows are constantly output at
velocity Vc(t)where t - the time of output (sink) of the material or thermal flow from the IRT zone to another object in
which they are accumulated (consumed). After consumption of sink flows, wastes are created, which are directed to solid



and gaseous atmosphere of the Earth, which are perceived as infinite. Thus in nature there is an appropriate balance of
mass, energy and momentum, which is characterized by velocity VH(I’, 9) of their transfer in direction  per time @ . The

equation of the transfer velocities of a certain determining parameter & from the source to the IRT zone and the
determining parameter  of the sink from the IRT zone to the storage zone, which may be either mass or energy (thermal,

radiation, electromagnetic, etc.), or momentum (mechanical, liquid, gas) uniquely defines the balance of masses and
energy. Transfer velocity of parameter « is:

v (F,8)=x(e,0)/ 06, (6)

where x(a,é’)- the change in the linear dimension when transferring the determining parameter « .
If the determining parameter is volume loss F with the cross-sectional areaSy;, then the velocity is

v (F,0)=0Fg /8Sy. If the area isSy =xy, where x,y- some linear directions of the flow, then its change is

0Sp; = Oxay , or if ox =0y we have 0Sy; = &x? . Then the equation for linear velocity of the flow transfer takes the form:

Vi (x, 8) = 0% Fopy 1 ox. (7

Equating equations (1) and (2) we arrive at the following differential equation of the balance of velocities during
the linear dimension transfer:

5X(F0n’9) _ 52Fon (68'9)
2o oc? ©®

where K [Mz /cJ - the effective coefficient of the linear dimension transfer; & - the change in distance x.

Analysing equations (1) - (3), we arrive at the following conclusions: when transferring the pulse of the flow
volume loss, which moves in direction x(Fn,H), the effective transfer coefficientK; =1; equation (3) describes the
process of changing the linear dimension when transferring the volume loss flow only from the source, which has some

initial constant dimension Lo in direction x, for example, in the IRT zone, and does not describe the processes occurring
in this zone. Under the corresponding initial conditions, equation (3) has an analytical solution in the following form [6]:

(For 6)= Ly .eﬁc(z\/é_ne} ©)

When entering the IRT zone, mass, energy, or momentum of the transfer flows are transformed, resulting in flows
with new mass, energy and momentum that outflow (sink) from this zone into the unlimited volume storage. It is known
[6] that for Fourier’ heat conduction law under absence of internal heat sources, the following generalized equation is
true:

oT .
Cpp—=divi-grad T, 10
Ppag g (10)

where cp, p, A - heat capacity, density and thermal conductivity of the medium respectively.

If the process of transferring the heat pulse is carried out in one direction, then equation (10) is given in the
following form:

ar(e.o)_ o°1.0) (11)
00 o2

where x - the linear direction of heat transfer; a = A/ cpp - the thermal conductivity of the medium.

Under zero initial conditions, the solution of equation (11) will be
- when heating the environment

T(£,0)=T erf (£124ap), (12)
- when cooling the environment
7(£,0)= THerfc(gl 2.a0 ) . (13)

In order to transfer the mass pulse of the substance in accordance with Fick’s law, we have:



am(x,a)zD &?m(&,0) (14)
o0 "oegr

where m(&,0)- the medium mass, which is transferred in direction & per timed; D, - the effective mass transfer

coefficient.
Under zero initial conditions, the solution of equation (14) has the form:

m(,0)=m,erf (£/2,/D,0), (15)
The law of transferring the momentum pulse can be determined from Navier-Stokes equation, which has the form
[12]:
ovg,0)  an£0) op
P70 Mot o
where p, 1 - density and dynamic viscosity of the medium; v(!;,e) - movement velocity in direction & per time 6; P -
the pressure drop in the medium; y = pg - the force of gravity.

If the pressure force of the medium and the gravity of the Earth is negligible, then equation (15) is reduced to
Newton’s law:

7, (16)
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where v = u/ p - kinematic viscosity of the medium.
An analytic solution of equation (16) under zero initial conditions has the form:

v(&,0)=vyerf (5/2\/@). (18)

Comparing (9) with equations (11), (14) and (16), we can see their similarity. They differ only in the determining
parameter (linear size, temperature, mass and velocity) and the effective transfer coefficient of this parameter. The flow
of mass, energy or momentum entering the IRT zone from the source of other flows that are characterized by their mass,
energy or momentum, are transformed and output from this zone into the storage due to diffusion and convection. The
basis of such processes is the balance of masses, energies and momentum. The balance of masses is described by the
following equation:

dmp = dm; +dmg, (19)

where dmy; = F;dt - the amount of mass, which enters the IRT zone by the flow with mass loss F per time &; dmy -

the amount of mass, which is transformed in the IRT zone due to chemical reaction, concentration, dissolution, etc.;
dmc == cht .

The amount of mass that is transformed in the IRT zone depends on other parameters and can be determined by
the formulas:

- for gaseous media: by change in gas volume: dmy = F':—erV ; by change in gas pressure: dmy = F\Q/_por; by

change in gas temperature: dmp :%dT ; by time of the chemical reaction: dmp :va(QH —Q)dt , where P, T,V -

pressure, temperature and volume of the gaseous medium respectively; R - the universal gas constant; v, - the chemical

reaction velocity; Qy - the reaction component concentration of the input flow with loss F; ;
- for liquid media: by the liquid level in the IRT zone: dmy = pSpdL ; by hydrostatic pressure of the liquid:

dmnzs?”de; by the cross-section of the liquid sink: dmnz%dsn; by time of the chemical reaction

dmp =va(QH —Q)dt : where p - the liquid density; S - the area of transformation of the mass, which enters the IRT

zone; L, P, - the level and hydrostatic pressure of the liquid; g - acceleration of the Earth gravity.

The amount of the mass that is output from the IRT zone can be determined by the following formulas:

- for liquid media: dm¢ = aS/2gLdt , where &, S¢. - the loss coefficient and the cross section of the output flow
(sink);
25

- for gaseous media: dm¢ =
grRT

¢, P, where c, - the specific heat capacity of gas; P — the pressure.



If the process of the rheological transformation is accompanied by a chemical reaction, then the amount of the
newly formed mass in the IRT zone is

dm, =V(Q, - Q)L—exp(- E/RT)t, (20)

where V - the volume of the IRT zone; Q,, Q - the concentration of the reacting component, which flows into the IRT

zone from the source; E - the activation energy for the chemical reaction; R - the universal gas constant; T - the reaction
temperature.

In general, mathematical models for the IRT zone can be determined from the following equations:

- balance of masses:

Y dm, =dm, + Y dme ; (21)
- balance of temperature (energy):

2.dT , =dT; +> . dT¢ ; (22)
- balance of momentum:

Ydv, =dvy+Xdvc ; (23)

where > dm,,, > dT,, and > dv,, - the sum of masses, temperatures and momentum entering the IRT zone from sources

respectively; m;, dT; i dv, - mass, temperature and momentum in the IRT zone; > dmc, > dT. and > dv. -the sum
of masses, temperatures and momentum that output (sink) from the IRT zone.

As a result, the mathematical models for the IRT zone in the form of nonlinear differential equations are obtained
in the following form:

d"p dg
n
™ +---+rla+,b’=a(x,9) , (24), (24)
where 7, 7;- the time constants of the output flows transfer; S - the determining parameter of the rheological
transformation created in the IRT zone; a(x, 9) - the determining parameter of the input flows.

If the source has infinite energy, then a(x, @) = const . Then movement velocity of the determining parameter /3(t)
of the output flow is:

4B, L 9B 9B (25)

Th + —F t+t—=
dtn+l

dt>  dt
From the laws of the transfer phenomena, it is evident that in presence of the convection component of the flow
we have:

da(x,0) D

\% =0. 26
00 o aX k ( )
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%a(x,0) . da(x,0)

where D, - the effective coefficient of transfer of the determining input flow; v, - the convection component of the input

flow velocity.

Since the right-hand sides of equations (25) and (26) are zero, they are identical. Given the identity of the processes
of the transfer phenomena at certain transition boundaries at zero boundary conditions, we obtain the following nonlinear
differential equation in the following form:

520‘(2: 9)+Vk 506;?(: 0)_ dn+1ﬁ(t)+...+T1 d’p(t) , dplt) 27)

oalx, 0
( )+D n dtn+l dt2 dt

00 “ X

Since the left-hand side of equation (27) describes velocity of the input flow V(F, 6’) at = x, and the right-hand
side is velocity of the output flow v, (t), it is an equation of the balance of velocities. Since both the input and output
flows have cross sections respectively S;; and S¢ , and volume losses are Fo =V(x,6)S; and F, = v(t)Sc, then for
implementation of equality (27) it is required that the volume loss of the output flow will be F,. =F,;Sc /Sy .
Accordingly, for mass loss we have: Fyy = ppFon = onv(x,0)/ Sy and Fye = pcFoe = povi(t)/ Sc . The latter
equations evidently show that in order to ensure the balance of flow velocities, it is necessary that velocity of the input

flow will be
v(x.0)= v(t)[/’—cj[s—HJ , (29)
o N\ Sc



where p, p - density of the input and output flows, respectively.

Thus, equation (27) is a mathematical model of the rheological transfer of mass, energy, and momentum in the
differential form. This equation is multiparameter with the following basic variables: a(x,0) and f(t) - the input and

output determining parameters respectively; and 6 and t - the transfer time of the determining parameter a(x, 9) to the
IRT zone and the time of sink of the created parameter f(t); x - the direction of the input flow transfer; v, - linear
velocity of the convection component of the determining parameter of the input flow; 7, - the constants of the time transfer

of the determining parameter of the output flow. As shown in [9], such nonlinear equations do not have an analytical
solution, and the approximate methods are not sufficiently precise, which complicates their research, and, in particular,
they are practically impossible to use in modern control and management systems. Therefore, the main further objective
is development and research of simple methods for solution of nonlinear differential equations of the flow velocities
balance of the determining parameters of transfer phenomena.

The description of the process of transfer of the mass, energy and momentum pulse by the integral impulse
Dirac delta function. When transferring the pulse of energy, mass, or momentum, there must be at least two media: a
source with the determining parameter « and a storage with the determining parameter £, as shown in (Fig. 2).
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Figure 2 — Physical model and graphs of the IRT for the input and output determining parameters
Let the source be characterized by the initial determining parameter, and at the input of the IRT zone there is an
alternating determining parameter ¢, , which can vary from 0 to «, . At the source-IRT zone boundary, the potential of
the determining parameter is ¢, (F, )= a — oy (F,6). In the IRT zone, the potential ¢, (F,#) varies from the maximum
value @, (F,0)= @, . to the minimum one g, (F, 9)= @y min - IN the IRT zone, the determining parameter of the source

a(F,0) is transformed into another determining parameter A(r,6)= g(t), where t- the time of the rheological

transformation. It is taken into account that this transformation takes place simultaneously in all directions of the
parameter «(F,d) movement. Therefore, in the general case, the transfer time is @ =t . At the output of the IRT zone, a

maximum amount of the determining parameter ,b’(t)= Pmax IS generated that flows from this zone and passes to the
storage. If the storage is infinite, then its potential is ¢, = .., . When the storage volume is limited, the parameter ,B(t)
capacity will vary from0to S, -

The potential of transfer of the input flow is a vector value ¢(F, @), where T - the movement direction vector; 6 -
the transfer time. In fig. 2, a the physical model of transfer of the determining parameter « from its source to the
rheological transformation zone with velocity v,, (x,H)is shown. At the boundary of the IRT zone-storage division, the
parameter S becomes of the maximum value and is output at velocity v ﬂ(t) into the storage. Under such conditions, the

process of rheological transformation in the IRT zone proceeds during a period of time
Aty = A6, = A& =t, -t =6, — 6, = const . Thus, the process taking place at the time interval AZ is the integral impulse

Dirac delta-function of the core that describes the rheological transformation in the following form [10]:

2 B 0 So >, o <ty
tl{;(rf)fs(é—éo)dé—{f(éﬁo) < b oty (29)



where §(& —&,)- the core of the linear integral transformation; &, &, - the current and maximum time of the parameter
« decrease and parameter g increase in the IRT zone.

The core of the linear integral transformation describes the process that occurs in the IRT zone when the parameter
« is transformed during the current time £. Since the transfer of the parameter « from the source to the IRT zone is

described by the known laws of the transfer phenomena, and the process of output (sink) of the parameter £ from this

zone by integral laws, then in the general form, taking into account the condition of the balance of mass, energy and
momentum for the transformation zone, the core of the linear integral transformation will be described by the following
equation:

aa% +divlp, -7, )= ~div(D, Ve, )+ 7,(t). <0

where ¢, = ¢ —« - potential of the determining parameter of the input flow; «;, « - the maximum and current value of
the determining parameter of the input flow; v, - average velocity of the parameter « ; D, - the effective coefficient of
the parameter « transfer; Vg, - Laplacian; }/ﬁ.( t)- velocity of the determining parameter A output from the IRT zone
per time t.

The second component of equation (30) describes the convection component of the flow velocity of potential ¢, .
Taking into account that the coefficient D, slightly depends on the transfer process, and the transfer is carried out in the
direction x, we arrive at the following differential equation:

00, (x.0) [ 20, (x0) _ p,(x0) _ {Z n ¢’/¥( )}7 1)
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where ¢, (x,8)=aq —a(x,8)- the parameter « potential; a,, (x,6)- the maximum and current value of the parameter
d §0ﬂ()

a in the transfer direction xper time 6; yﬁ(t) {Z T } the velocity of output (sink) of the created
0

parameter 3 from the IRT zone per time t ; 7 - the time constants of the process of creating the potential of the parameter
L inthe IRT zone; n-anumber of stages of transformation of the parameter « potential in the parameter £ potential;
?p (t)= p, — B(t)- the potential of the parameter /3 of the output flow; 3, ﬁ(t)- the maximum and current parameter /3

value.

Equation (31) is the mathematical model of the object of control and management, which is described by the
nonlinear differential equation.

Conclusions. For the first time, the problem of transfer phenomena is considered on the basis of the theory of
rheological transformations, which is based on the principle of balance of velocities, meaning that the process of transfer
of the determining parameter (mass, heat, energy, and momentum) is divided into three dynamic links: the link of transfer
of the determining parameter from the source to the zone of irreversible rheological transformation (IRT), the link of the
dynamic transformation of this parameter and the link of accumulation (sink) of the new determining parameter. The
velocity of transfer of the determining parameter in the first link is described by the known laws of the transfer phenomena
(Fourier’s, Fick’s and Newton’s), in the second link — by physical and chemical laws (for example, Navier-Stokes, Arenius
and others), and in the third — by integral. It is shown that the velocity of transformation of the determining parameter in
the IRT zone can be described by the integral impulse Dirac delta function with the core in the form of the nonlinear
differential transfer of the determining parameter. The next task of modelling of technological objects of control and
management is development and substantiation of the initial and boundary conditions, as well as methods of solving
nonlinear differential equations of transfer of the determining parameter in the IRT zone, using the zero gradient method,
which will be considered in the next paper.
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The article analyses methods of mathematical modelling of nonlinear processes of energy and mass pulse transfer in the
technological controlled objects. It is noted that the well-known laws of transfer phenomena describe the processes from
the infinite energy source to the medium. Disadvantages of mathematical modelling of nonlinear processes and
complexity of solution of nonlinear mathematical models are shown. A modelling method for such processes is proposed
based on the theory of rheological transitions and the integral impulse Dirac delta function. It is shown that technological
processes are divided into sources, zones of rheological transformations and storage of the newly created mass, energy
and momentum.
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